NEURCITY INTEGRAL

If(x) dx=F(x)+c ; [F(X)+c]'=f(x),

C - integra¢na konstanta (C e R)

Ktoru funkciu (F(x)) musime derivovat’, aby sme dostali funkciu (f(x)) pod integralom ?

I f(x) dx = F(x) + ¢ = funkciapremennejx
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a — konStanta
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dx =tg(x) +c —————— dx =tg(x*a) +c = +C
-[cosz(x) 9() -[cosz(xira) g(xxa) -[cosz(ax) a
1 1 1 cotg(ax)
———— dx =—cotg(x) +c ————— dx =—cotg(x+a) +c = +C
Isin 2(X) 9() -[sin ’(x+a) g(xxa) -[sin ?(ax) a
X 2
2 2.2 X 2 2
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——— dx = arctg(x) +c¢ ———— dx =—arctg(ax) +c - dx=Zarctal 2

I1+(X)2 o '[1+(61><)2 a 9(ax) J.az+(x)2 X=34¢ g(aj e
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Jm dx = —arccotg(x) +c I1+(ax)2 dx :_garccotg(ax) +C Im dx =—aarccotg£aj+c




PRAVIDLA + METODY

jl dx=x+c , - integra¢na konstanta (¢islo)
Icvz'slo dx = éziqloj(l) dx =cislo-x + ¢ , cislo=0,

J.éz'slo- f(x) dx = c*l'slo_[ f(x) dx , konStantu (¢islo) vyjmeme pred integral

Stidet [(£09+g00)dx=] f(x) dx+ [ g(x) dx
funkcii Integral suctu = Sucet integralov
Rozdiel 1 [(£(x) — g(x)dx=[ f () dx ~[g(x) dx
funkcii .
ket Integral rozdielu = Rozdiel integralov
f(x) dx
(10, Lo e
g(x) [a(x) dx
Podiel
e o [ F1(X)
funkcii V ¢itateli je derivacia menovatela: _[ 00 dx = In|f(x)|+c
jcotg(x)dx:jc_os—(")dx= In[sin(x)|+¢ j%dx Y olx:gln\?,x2 ~7|+c
sin(x) X" =7 (3e_gy=6x 673X =7 6
[ e0.v(x)) dx=u(x).v()—[ (u () v'(x)) dx
j(u(x).v'(x)) dx=u(x).v(x)—f(u‘(x).v(x)) dx
. 2%3+1) - vi ivovat’ aj i ’
[@¢ +sin(x) dx = (2x7+1) - vieme derivovat aj integroval| &1 4 metda pousita 3x
sin(X) - vieme derivovat’ aj integrovat’
Volime
u(x) = (2x*+1): lebo (2x° +1)'=6x", (6x”)'=12x , (12x)'=12 ,
t.J. derivaciou sa znizuje mocnina premennej X a po konecnom pocte
Sidin derivacii dospejeme ku konstante,
funkecii . . . . .
v ’(x) = sin(x) : derivovanie : sin(x)= cos(x) ,  cos(x) '=—sin(x)
Metéda integrovanie : Ism(x) dx =-cos(x) , J.—cos(x) dx =—sin(x)
per partes | VSimnite si mochinu premennej X pri derivovani a integrovani:
f(x) f'(x) f'(x) fr(x)=f ¥x) atd’. mocnina X
X6 6X5 30X4 :|.20X3 klesa
1 . 5 b6 g 42 o —336
f(x) Jrooax | J(Jfeadxjax | f([(] feodx)dx)ax | atd- | moeninax
x° X' 17 x® /56 x° 1504 rastie
iezx‘6 x> _ 1 x*_ 1 x> __1 klesa
X -5 —5x° 20 20x* -60 —60x°
—In2 1 — vieme derivovat’ aj integrovat’
[11n?(x)dx=| "0 |_
=1 In?(x) - vieme len derivovat, preto u = In*(X)




Sudin
funkcii

Metoda
substitucie

‘ t=9(x) [FO)]y+c=F[a(0)] +c

jf(g(x)).g'(x) dx = 7 () jf(t) dt =

I Pod integralom je funkcia ( g(x)) a zaroven aj jej derivacia (g '(x))

Priklad 1.
tg(x) =t
Vg (x) () - |1 ~ . B S )
ICOS ‘() =] a9 cos (X) | cos?(x) dx=dt,lebo: 9(x) =t0(%) . @ (X)_cosz(x)’ o

f(g(x) =(9(x))

Moznosti g(x) pod integralom. Ked’ze pod integralom potrebujeme aj g‘(x) , preto vyber

g(x) = | t9(x) Jta(x) cos(x) cos?(x) 1
cos®(X)
g'(x): 1 1 ( ()2 —L —sin(x) | 2cos(x)(=sin(x))| -2cos*(x)(-sin(x))
cos”(x) I s (x)
Priklad 2.

Pomocka: (cislo-g(x) £ ¢islo)' = cislo-g'(x)

zaklad : g(x) = cos(x)

g'(X) =—sin(x)
.[ sin(x) 1 ¢ Asinx) :ijidt:
W T W t=4cos(x)-7 47 5f

dt=—4sin(x) dx

Moznosti g(x) pod integralom. Ked'ze pod integralom potrebujeme aj g*(x) , preto vyber

g(x) : | sin(x) | 4cos(x) | 4cos(x)—7 W
g‘(x) : | cos(x) | -4sin(x) | -4 sin(x) l(4cos(x)—7)4/5 (—4sin(x)) = —4sin(x)

5 5 5/(4cos(x) -7)!
Priklad 3.

NIE : g(x) =cos (1/x?)
g'(x)=sin(1/x*)-(-2x"%)

ANO: g(x) :i2 =x"?
X

: 3 =2 1 —Zicos(ijdx: 1 cost dt =
g (X):—ZX :? _2J- X3 XZ —2'[

w
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INTEGROVANIE RACIONALNYCH FUNKCIi
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b=0 A c=1:
bx+c
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—I . ! - d S L]
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2
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INTEGROVANIE IRACIONALNYCH FUNKCII

ax+b
ex+d

ax+b
cx+d '

Ng ax+b
cx+d

Ny,

|

¢ Typ funkcie: f[x,konit.,nd

K= (n 1Ny N )— najmensi spolo¢ny nasobok

volime substitdciu : =t :>[ = i=1,2,...R
cx+d cx+d
K =12 = (6,4)
X_t12
dx =12t" dt
x-1 o Sx-1 ~ 2_ L_ - 1
T e e R N R LT
o/x7 =(€/;) =((t2)7_t14)
4X5=((1/;)5=((t3)5=t15)
t—-1)-(t+1) t 1 -
:12j( ey dt:12j(t—3—t—3jdtzlzj(t —t7%)dt =
Jx =t
jl %dx— X = t2 j—ztdt_—zj—dt_‘(t ~t):(t+1) ‘:—ZI[t 2——J
1+ dx = 2tdt t

Pretoze pre stupne polynomov P _

delenie P,(t): Q,(t) =(t*—t):(t+1)=

.. a pokracujeme vo vypocte integralu.

€ Typ funkcie:

1 1
jﬁ dx—j\/m dx=— In(x+\/m)

( +t')

-1

t'dt =

()= (t2 —t) aQ._ (t)=t+1 plati (m=2)=(n=1), musime previest’

1 1 . [ X X
I— dx:I dx=— arcsm(—} alebo —arccos(—j
w/—xzi bx+c \/p—(xibIZ)z a a

dx =

1 1 X+4=t 1 [7 a2 2
Iﬁdxzjmdxz dX:dt:IﬁdtZIn(t—i_ t2—32)+C=|n(X+ (X+4) —32j+c
1 1 1 1 1
dx = dx = dx = dx =
IJ9+8x—x2 I\/9—(X2—8x) J.\/g_[(x_4)2_16} I\/25—( 4y I\/zs[l_(x“ﬂ
5
t_x—4
1 5 1 1 . . X—
=.|. = dx = ——J'—5dt=arcsmt+c=arcsm—+c
(x4 dt 57 1-t? 5
=5 !
x+td =t 2
¢ Typ funkcie: jmdx IQ/(><+:d b dt‘ J.t dt =




INTEGROVANIE TRIGONOMETRICKYCH FUNKCIi

t =sinx

f (sin x).cosx dx = =| f(t) dt

-[ ( ) dt = cosx dx I ®

J. . 2 COS.X _J‘ coSX dX:| t:Sin X—3 |:J‘%dt:
sin“ x—6sin x+13 smx 3 2402 t°+2

cos® x cos* x-Cos X (1—5"12 X)2 -COS X . (1—t2)2
I dx=j dx=I dx=| t=sinx |:I a dt=...

sin® x sin® x sin® x
t = cos x
f(cosx).sinx dx= =| f(t) dt
I ( ) dt = -sin x dx I ®)
t=5-4cosx
_[(5—4cosx)3-sinxdx:1.[(5—4cosx)3-4sinxdx: _ :lj'tsdt:
4 dt=4sinxdx| 4
J- 2sin x 2sin x dxz‘t:co;x B

T

. . . 1 2 .
J5|n5x-coss dx=J‘sm“x-smx-cosx-cos2 dx:—zj(l—cos2 x) (=2sinx-cos x)-cos® dx= | t=cos’ X |=

:izj(l—t)zt dt=...

n n t e
I(sin x)2n+1 dx:j((sin x)z) .sinx dx:j(l—cos2 x) . sin(x) dx= dt:(s:?:’idx :I(l—tz)” dt vepirny
) t =i exponent
j(cosx)2n+1 dx = I((cos x)z)n .cosx dXx :J‘(l—sin2 X) . cos(x) dx= dt=ilc?s)>(< i :j(l—tz)” dt
j(sm x )" dx= j sin®x ) " dx  pouZi vzorec Sinz(kx)zl—COZ(ZkX)

1 6 1 1 19 Parny
napr. Sin“(3x):(sin2(3x))2 (#j 4(1 ZCOS(BX)JF%()OJ exponent
j(cosx)zn dx=_[(coszx)n dx pouZi vzorec cos? (kx)zl““COZ(ZkX)

X . 2t
t :t — , =
T

32
_[f(sin(x),cos(x),konit.)dx: x =2arctg(t) ,cos(x):i :2 =...
+

2

dx=
1+t2




t=1tg(x)
[ | ye FO 4
g(x)) dx=| x=arctg ()| = I dt=
1 1+t?
dX=—-
1+t
t = tg(x) UL P
Itgs(x) dx =| x= arctg (t) —I t dt—‘ t3'(t2+1)— t (t— t Jdt s
1+t? ' t?+1 t?+1
1
dX=——
1+t
J~ dx :I dx :j dx _
sin®(x)+3cos®(x) +2 sin®(x)+3cos’(x)+2-1 sin®(x) +3cos*(X) +2(sin®(x) + cos*(x))
t = tg(x
_J- dx _J‘ dx . g(l) _ 1 _
B 2 2 2 - 2 2 | dx= dt |~ 2 =
cos (x)(tg (x)+3+2(tg (x)+1)) cos (x)(3tg (x)+5) X cos2(x) 3t°+5
3 3
° = 5t
1 1 \Edt Y \f5 1 . 1
zjs(3t2 1jdt_ i B e f e
5 + 5 5[( StJ +1] duz\Edt 5 5

NAJPOUZIVANEJSIE VZORCE

sin?(x)+cos * (x) =1

sin (2x) =2sin(x) cos(x)

cos (2x) =cos” (x) —sin *(x)

sinz(lx):M

= sin(lx)==* ’%
sin’ (kX):% = sin(kx)=1+ ,1—COZ(2kX)

cos’ (1x) :M — cos(1x) == /M
2 2
— cos(k)=+ ’1+ cos(2kx)

cos? (k) = 1+ cos(2kx)




URCITY INTEGRAL

i f(x) dx = [F(x)]" =F(b)—F(a)=tislo

Il Zmena hranic pri substitu¢nej metéde !!!

1+In(x) =t
1
e ~dx=dt 2 27’
J.MdX= X =.[tdt={t—} _3
X _ -1 (= _ 2 2
1 x=1-1t=1 (=1+In()) =1+0) 1 1
x=e—>t=2 (=1+In(e) =1+1)




